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Synopsis. A graph-theoretical formula was derived
to evaluate the contribution of quadruply degenerate 7-
electron orbitals to London diamagnetism. This formula
enables us to calculate London susceptibilities of such com-
pounds as p-terphenyl and perylene without factorization
of their secular determinants.

In 1952 Berthier et al.l) elaborately derived analytical
formulas for London (or ring-currents) susceptibility?:3)
of a polycyclic conjugated system with nondegenerate
and/or doubly and/or triply degenerate m-electron or-
bitals. However, there have been no such formulas
for systems with quadruply degenerate orbitals. Sec-
ular equations of p-terphenyl (1) and perylene (2) were
factored into algebraic equations of lower degree,V
because they have quadruply degenerate orbitals. We
have been developing graph theory of cyclic conjugated
systems to elucidate their magnetic properties.4-?) In
this note we present a graph-theoretical formula of
London susceptibility applicable to quadruply degen-
erate orbitals of a cyclic conjugated system.

Let a polycyclic conjugated system G be placed
perpendicularly to the external magnetic field H, and
its characteristic polynomial is denoted by P,(X,H).
If there are quadruply degenerate m-electron orbitals
in G, Py(X,0) can be written as

Pe(X, 0) = (X—X,)*U(X), »

where X, is the energy of quadruply degenerate or-
bitals.19 P,(X,H) is expressible in the form:%

Po(X, H) = Pg(X, 0)
G
+ H* 3 Pg— (X, 0)0 + H*A(X) + ---. (2)

Here, r; is the ith z-electron ring in G;1) G-r; is a
subsystem of G, obtained by deleting from G the
ith z-electron ring and all & bonds incident to it;
¢ runs over all z-electron rings in G, defined in Sachs’
sense;V) 0,=eS,/ch, where S; is an area of the ith n-
electron ring, and ¢, ¢, and % are the standard constants
with these symbols; and 4(X) is a term proportional
to H4%, which is not specified here.

Since the magnetic field can be treated as a small
perturbation, field-dependent energies of the four or-
bitals which are degenerate in energy at H=0 are
given by solving the following equation:%

Po(X, H) = Pa(X, 0)
G
+ H?3 Po—r (X, 0)6;% + H'A(X) = 0. (3)
This equation is written as
(X—Xo)* = —H*S(X) — H*T(X), ()
where

S(X) = gy 3 Po-ri(X, 002 )

and

4(X)
UXx)"
Since |X—X,| <1 for the four orbitals, Eq. 4 can be
expanded into

TX) = (6)

(X—X,)4 = —He {S(Xo) 8D (X,) (X—X,)

S () (X X559 () (X~ X7

ST £ TOE) XX, ()
where
SO0 = [qges®| ®
and
o) = [5T@]| ©

Higher-order terms missing on the right-hand side of
Eq. 7 are obviously negligible.

Since Eq. 4 is an eigen-equation derived from an
Hermitian matrix, all roots of Eq. 7 must be real
for an arbitrary small value of H. Necessary condi-
tions for the existence of four real roots are

S(X,) =0,
SW(X,) =0,

(10)
(11)
and

§® (X,) <0. (12)
Otherwise, Eq. 7 would not always have four real
roots. This can easily be proved by drawing graphs
of the following two functions found in Eq. 7:

Y = (X—Xo)4, (13)

and

Y=-H° {S(Xo) +8D (Xo) (X —X,) +%S‘2’ (Xo) (X—Xo)?

£SO X,) x-xy}. (14)
For an arbitrary small H value, Eqs. 10—12 are neces-
sary for the two graphs to intersect fully with each
other. In fact, secular equations of 1 and 2 satisfy
these conditions. Then, Eq. 7 becomes

2 2
(X=Xt + 50 00 (X X0)5 + T () (X - X2

+ HATO(X)(X—X,) + H*T(X,) = 0.

This is an algebraic equation in (X—X,) of degree
4.

Let the degenerate orbital energy X, split into Xj,
X,, X3, and X,, and the following expression is deduced
straightforwardly from the coefficient of (X—X_)? in
Eq. 15:

(15)
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4 H? now be calculated easily without factorization of their

X;—X,) = — —8O(X,). .
j§|( 4 ) 6 (o) (16) field-dependent secular determinants. They are 2.730

Consequently, the sum of the energies of eight x elec-
trons in these four orbitals is

4 H2
e(H) = 2 3 X; = 8X, — 55O (X,). (17)
j=1

It is to be noted that ¢(H) is independent of T(X).
More explicitly, ¢(H) is expressed as

e(H) = 8X, + L&)V ?Ego()x—)gm) VOX) po
’ (18)
where
d
U (X,) = [«EU‘X)L:XO (19)
and
Ve (X,) = [—‘iP (X, ow] (20)
dxe ol x)

Finally, we obtain the following formula for a sus-
ceptibility contribution from eight = electrons in quad-
ruply degenerate orbitals:

2

d
Axg = [WS(H)LHO

_ 2 3UD(Xo) VD (X,) —U(X,) V' (X,)

3 UX.)? '
Susceptibility contributions from nondegenerate and
doubly degenerate orbitals can be estimated using
formulas published by Berthier et all) or by us.%
London susceptibilities of compounds 1 and 2 can

(21)

X, and 4.120%x, for 1 and 2, respectively, where %,
is London susceptibility of the benzene conjugated
system. These values are identical with those reported
by Berthier et al.1:3)

The following relationships are derived from Egs.
10 and 11:

G
V(Xo) = 2 PG—ri(Xo’ 0)0142 = Oy (22)
and

G
VO (X,) = [‘%ZPG-“(XO, 0)012] =0. (23)

These characterize quadruply degenerate orbitals.

A susceptibility contribution from six # electrons in
triply degenerate orbitals can be formulated graph-
theoretically in a similar way. It is given as

AUD (Xo) VD (Xo) —2U(X,) V' (Xo)

Axe = U(Xy)? , (24)
where U(X) is defined by
Ps(X, 0) = (X—X,)*U(X). (25)

This is mathematically identical with the formula de-
rived by Berthier et al.V)
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